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$x$
Q=\partial xq+u2 xq-l. $+\cdots+u_{p}$ , $P=\partial_{x}^{\mathrm{p}}+v_{2}\partial_{x}^{p-4}.+\cdots+v_{p}$
$(\partial_{x}=\partial/\partial x)$
$[Q, P]=1$ (1)
Douglas [2, 3, 4, 5, 6] 2. , T
$q=2$ , $p=2g+1$ (2)
. $Q$ Sturm-Liouville
$Q=\partial_{x}^{2}+u$ (3)
, $P$ $\mathrm{K}\mathrm{d}\mathrm{V}$ ( $\mathrm{K}\mathrm{d}\mathrm{V}$ )
[10] . $q=2,$ $p$ =3 $u$
$\frac{1}{4}ux\text{ }+\frac{3}{2}uu\text{ }+1=0$
1 \emptyset 2002 6 3 \sim 7
2 2 .
( ) , Kontsevich
A $\mathrm{y}$ [$\eta$ . $\mathrm{K}\mathrm{P}$ .
A er van Moerbeke [8] [9] .
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( $x$ ) $q=2$
Painleve’I ($p=2g+1$ $2g$ ) .
$Q\psi=\lambda\psi$ , $P\psi=\partial_{\lambda}\psi$ (5)




x\Psi $=U(\lambda)\Psi$ , $\partial_{\lambda}\Psi=V(\lambda)\Psi$ (6)
.
$\Psi=(\begin{array}{l}\psi\partial_{x}\psi\end{array}),$ $U(\lambda)=(\begin{array}{ll}0 1\lambda-u 0\end{array}),$
$V(\lambda)=(\begin{array}{ll}\alpha(\lambda) \beta(\lambda)\gamma(\lambda) -\alpha(\lambda)\end{array})$
$V$ (\lambda ) $\alpha(\lambda),\beta(\lambda),$ $\gamma(\lambda)$ $\lambda$ (
) $\lambda$ \lambda \Psi $=V(\lambda)\Psi$
.
, Hamilton ($x$ )
. $V$ (\lambda ) .
$\det(\mu I-V(\lambda))=\mu^{2}+$ det $V(\lambda)=0$ (7)
( $g$ ) . (
) .




. Hamilton ( St\"ackel Hamiltonian )















. tnL $=[B_{n}, L]$ , $n=2,3$ , ... $\mathrm{t}$ (8)
. $B_{n}$
$B_{n}=(L^{n})_{+}$ (Ln ) (9)
. Lax , ( )
$M= \sum_{n=2}^{\infty}nt_{n}L^{n-1}+x+\sum_{n=1}^{\infty}h_{n}L^{-n-1}$
Lax
tnM $=[B_{n}, M]$ , $n=2,3,$ $\ldots$ , (10)
$[L, M]=1$ (11)
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$Q=L^{2}$ , $P= \frac{1}{2}ML^{-1}$ (14)
8
$(Q)_{-}=0$ , $(P)_{-}=0$ (15)
. $Q$ $\mathrm{K}\mathrm{d}\mathrm{V}$ , $Q$
$x2+u$ , \partial t2ngk=\partial t2 hk $=0$
. , :
$t_{2}=t_{4}=...$ $=0$ . (16)
$P$ 1 $2g+1$ ,




. $P$ $P=(P)_{+}$ ,
$P$
$P=B_{2_{\mathit{9}}+1}+ \frac{2g+1}{2}t$ 2$g+1$B$2g-1$ $+ \frac{2g-1}{2}t_{2g-1}B_{2g-3}+\cdots+\frac{3}{2}t3B1$ (18)
. $L,$ $M$ $Q,$ $P$ $[Q, P]=1$ .
$\mathrm{K}\mathrm{P}$ .
, $L,$ $M$ Lax $Q,$ $P$ Lax
$\partial_{t_{2n+1}}Q=[B_{2n+1}, Q]$ , $\partial_{t_{2n+1}}P=[B_{2n+1}, P]$ $(n=1, \ldots, g)$ (19)
. .
$x$ ( 1 $t_{1}$ ) $t_{3},$ $\ldots,$ $t_{2g-1},$ $t$ 2$g+1$
$g+1$ . $t_{2g+1}$ ,
, $x=t_{1}$ $g$ $x,$ $t_{3},$ $\ldots,$ $t_{2g-1}$
( , Painleve’I )
2.3




1[Q, $P$] 0 , $P$ $B_{n}=(Q^{n/2})_{+}$ 1
.
$[Q, P]=1$ . , $B_{2n}=Q^{n}$
$B_{2n}$ . $P$ , $Q$
,
$P=B_{2g+1}+c_{1}B_{2g-1}+c_{2}B_{2g-3}+\cdots+cg$B1
. $c_{1},$ $\ldots,$ $c_{g}$ $x$ .
$c_{1}= \frac{2g+1}{2}t_{2g+}$b $c_{2}= \frac{2g-1}{2}$ t$2g-1,$ ..., $c_{g}= \frac{3}{2}$ t3 (20)
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, $q$ . Adler van Moerbeke [8]
.
3 Gelfand-Dickey
$u$ ( ) $R_{n}(n=0,1,2, \ldots)$
$={\rm Res}_{\partial_{l}}Q^{(2n+1)/2}$ ($Q^{(2n+1)/2}$ $f\}$ $\partial_{x}^{-1}$ ) (21)
.
$Q^{(2n+1)/2}=\partial$2$n11+\cdots+Rn\partial_{x}^{-1}+\cdot$ . . .




2 $[B_{2n+1}, Q]=2R_{n+1,x}$ .
$[B_{2n+1}, Q]=-[(Q^{(2n+1)/2})_{-}, Q]$ (
0 , $R_{n}$ )
.
1. $P=B_{2g+1}$ $c_{1}B_{2g-1}+\cdots+cgB1$ $[Q, P]=1$
2 $(R_{g+1}+c_{1}R_{g}+\cdot.$. $+cg)x+1=0$
. 1 $x$
2 $(R_{g+1}+c_{1}R_{g}+\cdot.$. $+cg)$ $+x$ $=0$ (22)
( $x$ )
Painleve’I $2g$ .










$P\psi$ $=$ ($R_{g}(\lambda)+c_{1}R_{g-1}(\lambda)+\cdots+c_{g}$) $\psi_{x}$
$- \frac{1}{2}$ ($R_{g}(\lambda)+c_{1}R_{g-1}(\lambda)+\cdots+$ C$g$ ) $\psi$ , (24)







$R_{n+1,x}= \frac{1}{4}R_{n,xxx}+uR_{n,x}+\frac{1}{2}u_{x}R_{n}$ $(n\geq 0)$ (26)
. $R_{n+1}$ , $R_{n+1}$
1 . ,
$u$ . $R_{0}=1$ $R_{n}$
$R_{1}$ $=$ $\frac{u}{2}$ ,
$R_{2}$ $=$ $\frac{1}{8}u$x$x+ \frac{3}{8}$u2,
$R_{3}$ $=$ $\frac{1}{32}u_{xxxx}+\frac{3}{16}$uu$x+ \frac{1}{8}$uux$x- \frac{1}{32}$u$x2+ \frac{5}{16}$u3, . $.$ .,
( )
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4 2 $\mathrm{x}2$ . Lax
$Q\psi=\lambda\psi$ , $P\psi=\partial_{\lambda}\psi$ , $\partial_{t_{2n+}}1$ $\psi=B_{2n+1}\psi$ (27)
Frobenius ( $\mathrm{K}\mathrm{P}$ )
2 $\Psi$ .
(6) . $P\psi$ (24) $V(\lambda)$
. $\alpha(\lambda)$ $\beta(\lambda)$
P\psi =\mbox{\boldmath $\alpha$}(\lambda )\psi +\beta (\lambda )\psi
, (24)
$\beta(\lambda)=R_{g}(\lambda)+c_{1}R_{g-1}(\lambda)+\cdots+c_{g}$ , $\alpha(\lambda)=-\frac{1}{2}\beta(\lambda)x$ (28)
. , $x$ , $Q\psi=\lambda\psi$ $\psi_{xx}$
, $\partial_{x}P\psi$ $\psi$ $\psi_{x}$ 1




$\deg\alpha(\lambda)=g-1$ , $\deg\beta(\lambda)=g$ , $\deg\gamma(\lambda)=g+1$ (30)
.







$b_{n}(\lambda)=R_{n}(\lambda)$ , $a_{n}( \lambda)=-\frac{1}{2}R_{n}(\lambda)_{x}$ ,
$c_{n}( \lambda)=(\lambda-u)R_{n}(\lambda)-\frac{1}{2}R_{n}(\lambda)_{xx}$ (32)
. $V$ (\lambda ) ,
$V(\lambda)=U_{2g+1}(\lambda)+c_{1}U_{2g-1}(\lambda)+\cdots+c1\mathit{1}1$ $(\lambda)$
( $P$ $B_{2n+1}$ ) .
$U(\lambda)=U_{1}(\lambda)$
( $B_{1}=\partial_{x}$ ) .
$V$ (\lambda ) Lax
$[\partial_{t_{2n+1}}-U_{n}(\lambda), \partial_{\lambda}-V(\lambda)]=0$ (33)
$[\partial_{t_{2n+1}}-B_{m}(\lambda), \partial_{t_{2}},+1-Bn(\lambda)]=0$ (34)
. $\lambda$ z\Psi $=V$ (\lambda )
. $x=t1$
.






. $V$ (\lambda ) $h$ (\lambda ) $\lambda^{2g+1}$ $2g+1$
. , Lax
$\partial_{t_{2n+}}1$ $h(\lambda)=$ -Tr $U_{n}’(\lambda)V(\lambda)$ (36)
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( $\lambda$ $’=\partial_{\lambda}$ )
$\partial_{x}h(\lambda)=-\beta(\lambda)=-\lambda^{g}+\cdot$ . .
, $h$ (\lambda ) $g+1$ $h\grave{\grave{:}}$ $x$
. ,
$h(\lambda)$ $=$ $-\lambda$
2$g+1-2c1\lambda^{2g}-2(c2+c_{1}^{2})\lambda^{2g-}$1– $\cdot$ .. –(2cg $+2c_{g-1}c_{1}+\cdots$ ) $\lambda^{g+1}$
$-x\lambda^{g}+I_{1}\lambda^{g-1}+\cdot..+Ig$ (37)
, $g+1$ $c_{1},$ $\ldots,$ $c_{g}$ ( 2 )




4 $h$ (\lambda ) $g$
$h(\lambda)=I_{0}(\lambda)\lambda^{g}+I_{1}\lambda^{g-1}+\cdot$ . . $+\sim$
, $I_{0}(\lambda)$ $u$ .
$\ovalbox{\tt\small REJECT}(\lambda)$ $x$ ( $c_{1},$ $\ldots,$ $c_{g}$ $t_{3},$ $\ldots,$ $t_{2g-1}$ 1
(20) ) :
. $I_{0}$ (\lambda ) , Hamilton
Hamiltonian .
, $I_{0}(\lambda)$ , $I_{1},$ $\ldots,$ $I_{g}$
.
5.2




$\alpha(\lambda)$ $\mu_{1},$ $\ldots$ , $\mu_{g}$ :
$\beta(\lambda)=\prod_{j=1}^{g}$ ( $\lambda-\lambda$j), $\mu j=\alpha$ ( $\lambda$j). (38)
$V(\lambda_{j})$
$V(\lambda_{j})=(\begin{array}{ll}\mu j 0\gamma(\lambda_{j}) -\mu j\end{array})$
188
, $\mu j$ $V$ (\lambda j) ,
$\mu_{j}^{2}+h(\lambda j)=0$ $(j=1, \ldots, g)$ (39)
. , ( $\lambda j,$ $\mu$j)
.
, $(\lambda, \mu)$ $g$ ( $\lambda_{j},$ $\mu$j)$gj=1$ ,
$V$ (\lambda ) :
5 $g$ ( $\lambda j,$ $\mu$j) $gj=1$
$\lambda j\neq\lambda$k $(j\neq k)$ (40)
, $V$ (\lambda ) . $V$ (\lambda ) $(\lambda j, \mu j)_{j=1}^{g}\vdasharrow$
$V$ (\lambda ) .
$V$ (\lambda ) .
1. $\alpha(\lambda)$ $\beta(\lambda)$ $(\lambda j, \mu j)_{j=1}^{g}$ (38) , ,
$\alpha(\lambda)$ ($g-1$ ) Lagrange .
2. $I_{0}$ (\lambda ) , (39) $I_{1},$ $\ldots,$ $I_{g}$ 1
, $h(\lambda)=I\mathit{0}(\lambda)\lambda^{g}+I_{1}\lambda^{g-1}+\cdots+I,$ . .
3. $\gamma(\lambda)$
$\gamma(\lambda)=-\frac{h(\lambda)+\alpha(\lambda)^{2}}{\beta(\lambda)}$
. $h$ (\lambda ) , .
, $\gamma(\lambda)$ .
( $\lambda_{j},$ $\mu\gamma_{=1}-t$ $V$ (\lambda ) ,
( ) .
, $g$ $(\lambda_{j,\mu j})_{j=1}^{g}$ $V$ (\lambda )
. $V$ (\lambda ) Lax $(\lambda j, \mu j)_{j=1}^{g}$
( Hamilton ) .
5.3 Hamilton
( $\lambda_{j},$ $\mu$j) $gj=1$ $V$ (\lambda ) , $R_{1},$ $\ldots,$ $R_{g}$ $\lambda j$
$R_{n}=r_{n}(\lambda_{1}, \ldots, \lambda_{g})$ (41)
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, . (28) $\beta(\lambda)$
. $\beta(\lambda)=\lambda^{g}+\beta_{1}\lambda^{g-1}+\cdots+$ $\beta_{g}$
$\beta$1 $=$ $R_{1}+c_{1}$ ,
$\beta$2 $=$ $R_{2}+c_{1}R_{1}+c_{2}$ ,
.$\cdot$.
$\beta$, $=$ $R_{g}+c1Rg-1+\cdot$ . . $+cg$








$\beta$g $\lambda j$ )
Hamilton
:
1 $V$ (\lambda ) $t_{2n+1}(n=0, \ldots, g - 1)$ $V$ (\lambda ) $tarrow(\lambda\prime j, \mu)_{j=1}^{g}$
Hamilton
$\partial_{t_{2n+1}}\lambda_{j}=\frac{\partial H_{n}}{\partial\mu j}$ , $\partial_{t_{2n+1}}\mu j=-\frac{\partial H_{n}}{\partial\lambda_{j}}$ (42)
. Hamdtonian $H_{n}$
$tI_{n}= \sum_{j=1}^{g}\frac{\mu_{j}^{2}+I_{0}(\lambda_{j})\lambda_{j}^{g}}{\beta’(\lambda_{j})}R_{n}$( $\lambda$j)- $\sum_{j=1}^{g}\frac{\mu_{j}}{\beta’(\lambda_{j})}$R( $(\lambda_{j})$ (43)





( $t_{1}=x$ ) Hamiltonian
$H_{0}= \sum_{j=1}^{g}\frac{\mu_{j}^{2}+I_{0}(\lambda_{j})\lambda_{j}^{g}}{\beta’(\lambda_{j})}$ (44)
. , $R_{0}(\lambda)=1$ , $H_{n}$ .
$t_{3},$
$\ldots,$
$t_{g-1}$ Hamiltonian $R_{n}’$ (\lambda j) . ,
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$\mathrm{K}\mathrm{d}\mathrm{V}$ ( )
, Hamilton ( ) Hamiltonian $R_{n}’(\lambda j)$
(Hamiltonian ti $H_{n}$














$t_{2n+\mathit{1}}\beta(\lambda)$ $=$ $-2b_{n}(\lambda)\alpha(\lambda)+2a_{n}(\lambda)\beta(\lambda)+b_{n}’(\lambda)$ ,
$t_{\mathit{2}n+\mathit{1}}\gamma(\lambda)$ $=$ $2c_{n}(\lambda)\alpha(\lambda)-2a_{n}(\lambda)\gamma(\lambda)+c_{n}’(\lambda)$ .
$\lambda_{j},$
$\mu \mathrm{j}$ .




( $b_{n}(\lambda)=R_{n}($ \lambda ) $b_{n}($ \lambda j) )
$\partial_{t_{2}}n+1$ $\lambda j=,\frac{2\mu_{j}}{\beta(\lambda_{j})}R_{n}(\lambda_{j})-\frac{R_{n}’(\lambda_{j})}{\beta’(\lambda_{j})}$ (45)






$t_{\mathit{2}n+l}\mu j=-\partial H_{n}\chi_{\partial\lambda}j$ .
. ,
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